This study proposes a mixed-integer linear programming (MILP) model to figure out the transmission-constrained direct current (DC)-based unit commitment (UC) problem using the generalized generation distribution factors (GGDF) for modeling the transmission network constraints. The UC problem has been reformulated using these linear distribution factors without sacrificing optimality. Several test power systems (PJM 5-bus, IEEE-24, and 118-bus) have been used to validate the introduced formulation. Results demonstrate that the proposed approach is more compact and less computationally burdensome than the classical DC-based formulation, which is commonly employed in the technical literature to carry out the transmission network constraints. Therefore, there is a potential applicability of the accomplished methodology to carry out the UC problem applied to medium and large-scale electrical power systems.
Introduction
The unit commitment (UC) optimization problem is the conventional formulation used by regulated companies and power pools to schedule the power generation units for supplying the load demand over a multi-hour to multi-day timeframe [1] . The UC problem consists of deciding which thermoelectric power units need to operate at each time period (1 h) in order to minimize the generation costs (fuel cost, startup, and shutdown costs), and to satisfy the operational technical constraints for the entire power system (spinning reserve and load), as well as for each power generation unit (minimum up/down times, minimum and maximum power, and load ramps) [2] .
Literature Review
It is critical that transmission power flow constraints will be incorporated in the UC formulation, because most power grids are operating close to their security electrical margins [3] . Different linear transmission network formulations have been apply to model the transmission capacity limits in the UC optimization problem. However, most researchers use the classical DC-based power flow formulation [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] , where the active power unit generation and the voltage phase angles are the decision variables used to carry out the operational problem. This problem consists of two analyses: (1) the nodal power balance equality constraints; and (2) the maximum transmission power flow inequality constraints. Based on the classical DC-based formulation and incorporating the transmission power flow constraints in the optimization problem, it is significantly increased the problem size becoming computationally more complex when it is applied to large-scale electrical power systems.
Contributions
This study proposes to apply the GGDF, which are another LSF used to formulate the network transmission inequality constraints in the unit commitment problem. The GGDF relates the active power flow in the transmission lines or transformers with the generation power unit for a given electrical system [22] . In comparison with the PTDF-based formulation, the main advantage of the GGDF-based formulation is that the definition of the active power flow inequality constraints is enhanced. Notice that these linear distribution factors represent the portion of generation supplied by each power unit that flows on a specific transmission line. Another advantage is that, unlike PTDF, which uses a slack bus to calculate these values, the obtained GGDF is the same matrix using any slack bus to compute these factors. It is worth highlighting that, in the GGDF-based formulation: (1) the nodal power balance equality constraints are transformed using only one equality constraint, which is also used in the economic dispatch problem to supply the load of the customers; and (2) the Energies 2018, 11, 2232 3 of 17 transmission power flow inequality constraints are carried out using the GGDF and the active power generation of each unit. It should be also pointed out that the active power generation is the only decision variable in the operational optimization problem.
In the technical literature review, there is no evidence about the performance of the GGDF-based formulation applied to the transmission-constrained UC problem. In this study, the accuracy and performance of UC GGDF-based formulation are gauged and compared to both the classical DCand PTDF-based formulations. It has accomplished several analyses by means of the proposed methodology and a commercial solver in order to evaluate the performance of the formulation applied to PJM 5-bus, IEEE-24, and 118-bus power systems. The results demonstrate that a superior performance is achieved for modeling medium-scale power systems and, mainly, it has improved the mathematical complexity of the optimization problem given in [12] , as well as bringing great practical advantages for modeling the stochastic scheduling problems without sacrificing the UC optimality.
This paper is structured as follows: Section 2 presents the UC optimization problem, and Section 3 describes the simulation results. Finally, Section 4 concludes and suggests directions for future work.
Transmission-Constrained Unit Commitment (TCUC) Model

Linearized Generator Cost Modeling
The total generation cost is typically expressed as a quadratic cost curves (QCCs). To facilitate the UC optimization process with efficient mixed-integer linear programing (MILP) solvers, QCCs are piecewise linearized.
Unit i's production cost function is given by the following equation:
where C(p i ) is the total generation cost, p i is the output power of the generator i, and α i , β i , and γ i are the production cost factors. The generator total cost curve can be represented by a series of linear sections [23] . The linearized generator cost model could be mathematically formulated as follows:
where ∆p i,l represent segments of the i-th output power unit, P Max i is the maximum power generation of unit i, k i,l is a linear section in the total cost curve, and Lg is the number of segments.
Transmission Network Modeling
Most popular UC implementations have adopted the classical DC-based formulation to carry out: (1) the nodal power balance constraints; and (2) the transmission network constraints.
(1) In the classical DC-based formulation, the power balance equality constraints are formulated using the following matrix equation: where B is the bus admittance matrix, θ is the vector of node phase angles, P is a power generation vector, and Pd is a power demand vector.
However, when the voltage phase angles are replaced in Equation (6) using the inverse of the admittance matrix B, only one equation is obtained to supply the load of the customers for both the PTDF-and GGDF-based formulations.
(2) Using the classical DC approach, the power flow, P mq , through the transmission line between bus m and q, is defined using Equation (7):
where θ m is the complex voltage angle at bus m, B mq is the line susceptance between buses m-q, and X mq is the line reactance between buses m-q.
Based on the technical literature review, the transmission power flows can also be expressed using the PTDF matrix as [12, 24, 25] :
where A g is the generator-bus incidence matrix. The PTDF matrix is a function of the transmission lines impedances. In addition, the PTDF matrix depends on a slack bus, which means that for any choice of slack bus, there will be a PTDF matrix that completely describes how the injections at each bus in the network affect the power flows throughout the transmission system. Note that every power injection is compensated by the slack bus.
It is worth mentioning that the PTDF factors must be precomputed and stored prior to the mathematical formulation and simulation.
On the other hand, the power flow through the transmission line between bus m and n, could be expressed using the GGDF [26] :
where the GGDF represents the portion of generation supplied by each generator that flows on a specific transmission line. For any mathematical formulation, the maximum transmission power flows must be constrained considering the transmission thermal limits:
where N is the total number of buses, and P Max mq is the maximum power flow through the transmission line m-q.
Using the PTDF matrix, the transmission limit constraint is expressed as follows:
Since the load of the customers is constant values for each time period; i.e., they are not affected by the UC problem so that they can be accordingly moved from Equation (11) to the left-hand (lhs) and right-hand (rhs) limits.
Using the GGDF matrix, the transmission limit constraints are expressed using the following equation:
Notice that previous task is avoided using the GGDF formulation, because the transmission power flows are only a function of GGDF and decision variables (active power generation of each unit).
See the Appendix A for a detailed derivation of the GGDF matrix. In order to compare the three formulations, we show how to model, for a given period t, the nodal power balance equality constraints and the transmission power flow inequality constraints. Every formulation has been applied to the PJM 5-bus system, which is included in Matpower [27] . For the transmission network modeling, bus 1 has been used as the reference (slack) bus and a base power value of 100 MVA.
(1) Classical DC-based formulation using p.u. values:
(2) The PTDF-based formulation using MW values:
The GGDF-based formulation using MW values:
where: 
It should be pointed out that the equality and inequality constraints are equivalent for each formulation without sacrificing the UC optimality.
TCUC Mathematical Formulation
This paper uses the MILP formulation introduced in [28] as the reference formulation for the UC problem. The proposed TCUC model using the GGDF is mathematically formulated as follows:
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where Ng is the total number of generators, T is the total number of periods; c U i,t , c D i,t are the startup and shutdown costs of unit i at period t ($), respectively; c ENS j,t is the non-served energy cost of bus j at period t ($/MWh); Pd i t is the load demand of node i at period t (MW); R t is the system spinning reserve at period t (MW); P Min i is the minimum output power of unit i (MW); SU i and SD i are the startup and shutdown ramp limits of unit i (MW/h), respectively; RU i and RD i are the ramp-up and ramp-down rate limits of unit i (MW/h), respectively; UT i and DT i are the minimum up and down time of unit i (h), respectively; I i,t is a binary variable equal to 1 for period t whether unit i is on and 0 otherwise (off); y i,t is a binary variable equal to 1 whether unit i is started up at the beginning of period t and 0 otherwise; and z i,t is a binary variable equal to 1 whether unit i is shutdown at the beginning of period t and 0 otherwise.
The objective function in Equation (13) minimizes the variable production costs, the startup and shutdown costs and the non-served energy cost. The UC problem is subject to the following equality and inequality constraints: load balance equality constraint (Equation (14)), system spinning reserve (Equation (15)), linearized production cost (Equations (16) and (17)), limits on power output (Equations (21) and (22)), generators' ramp rate (Equations (18)- (20) and (23)), generators' minimum downtime (Equations (24)- (26)), generators' minimum uptime (Equations (27)- (29)), transmission network (Equation (30)), and commitment, as well as startup and shutdown logic, of generating units (Equations (31)-(32)).
Results
In this section, the introduced mathematical formulation is applied to three electrical test systems: the PJM 5-bus system, the IEEE 24-bus reliability test system, as well as the IEEE 118-bus system. The proposed transmission-constrained UC approach is compared in terms of unit commitment costs and computational aspects using results obtained by other methodologies [12] .
All simulations are performed on a personal computer (PC) running Windows ® 10 with an Intel ® Core i7, 2.7-GHz, 12 GB RAM, and 64-bit, using CPLEX ® (12.7.1) under MATLAB ® Code (Version 2014b, ITM, Mexico). Computing the simulation time is based on a set of 100 simulations.
PJM 5-Bus System
The PJM 5-bus system has five buses, six transmission lines, and five generators. Operational costs and system data are taken from [29] . Figure 1 depicts the one-line diagram for this system. In this test system, the spinning capacity requirements are set to R t = 0.03
Pd i t for all time periods (t). 
The PJM 5-bus system has five buses, six transmission lines, and five generators. Operational costs and system data are taken from [29] . Figure 1 The hourly load percentage levels are taken from [30] (Table 4 -RTS 96 system). The system's peak demand occurs at hour 21, and the minimum demand occurs at hour 4.
To fully illustrate the TCUC problem applied to this power system, the following mathematical equations have been presented in order to explain the optimization problem given in Equations (13)-(32): Table 1 lists the minimum up and down times and initial conditions for each power unit. The hourly load percentage levels are taken from [30] (Table 4 -RTS 96 system). The system's peak demand occurs at hour 21, and the minimum demand occurs at hour 4.
To fully illustrate the TCUC problem applied to this power system, the following mathematical equations have been presented in order to explain the optimization problem given in Equations (13)-(32): 
y Brighton,t − z Brighton,t = I Brighton,t − I Brighton,t−1 ∀t = 1, . . . , 24 y Sundance,t − z Sundance,t = I Sundance,t − I Sundance,t−1 ∀t = 1, . . . , 24 y Alta,t − z Alta,t = I Alta,t − I Alta,t−1 ∀t = 1, . . . , 24 y Park City,t − z Park City,t = I Park City,t − I Park City,t−1 ∀t = 1, . . . , 24 y Solitude,t − z Solitude,t = I Solitude,t − I Solitude,t−1 ∀t = 1, . . . , 24
y Sundance,t + z Sundance,t ≤ 1 ∀t = 1, . . . , 24
y Park City,t + z Park City,t ≤ 1 ∀t = 1, . . . , 24
where, the GGDF matrix was introduced in Section 2.2. Figure 2 is a graphic representation of the optimal solution. Unit commitment without transmission network constraints is solved, and the optimal cost is $229,700. This schedule makes extensive use of the Units 1, 2, and 5 (U1, U2, and U5), but it does not use Unit 4 (U4) at all. U1 reaches its upper limit of generation during all its online periods because it is the cheapest unit; i.e., it is dispatched to generate as much power as often as possible.
Energies 2018, 11, x 13 of 18 reaches its upper limit of generation during all its online periods because it is the cheapest unit; i.e., it is dispatched to generate as much power as often as possible. Compared the total cost considering both cases, the increased cost due to the transmission network ($267,904.7 − $229,700.0 = $38,204.7) is about 17% of the total cost. Table 2 shows the computational aspects for the three UC models: 1) DC-, 2) PTDF-, and 3) GGDF-based formulations. The DC-based classical formulation requires a larger number of decision variables. With respect to equality constraints, the PTDF-and GGDF-based formulations require Figure 3 displays the UC scheduling and hourly output power generation. For this optimization problem, there is congestion in transmission line between bus D and E during almost all of the 24-hour period, except from hour 2 to hour 6. These power flows reach their limits since U5 produces as much power as possible, while it is constrained by transmission limits.
Energies 2018, 11, x 13 of 18 reaches its upper limit of generation during all its online periods because it is the cheapest unit; i.e., it is dispatched to generate as much power as often as possible. Compared the total cost considering both cases, the increased cost due to the transmission network ($267,904.7 − $229,700.0 = $38,204.7) is about 17% of the total cost. Table 2 shows the computational aspects for the three UC models: 1) DC-, 2) PTDF-, and 3) GGDF-based formulations. The DC-based classical formulation requires a larger number of decision variables. With respect to equality constraints, the PTDF-and GGDF-based formulations require Compared the total cost considering both cases, the increased cost due to the transmission network ($267,904.7 − $229,700.0 = $38,204.7) is about 17% of the total cost. Table 2 shows the computational aspects for the three UC models: (1) DC-, (2) PTDF-, and (3) GGDF-based formulations. The DC-based classical formulation requires a larger number of decision variables. With respect to equality constraints, the PTDF-and GGDF-based formulations require (144) constraints, which is much lower than the classical formulation (240). The inequality constraints are the same for all formulations (2112). Comparing the optimal solution with the classical DC- and PTDF-based formulations, it is shown that all solutions are the same, which corroborates the optimality and equivalence of the GGDF-based formulation. It also includes the maximum, minimum, and average simulation time considering 100 trials. 
IEEE 24-Bus Reliability Test System
The IEEE Reliability Test System (RTS) has 33 generating units, 38 transmission lines, and 17 load centers. Bus 1 is selected as the slack bus. The units' minimum on/off times constraints are taken from [31] .
The optimal cost without transmission network constraints is $849,359 for the 24-hour period. The operational constraints such as generation limits, minimum up/down time, and initial status of units are verified. Additionally, there is no unserved energy.
For the next simulation, transmission line 14-16 and transmission line 16-17 are limited to 440 MW. The optimal operational cost is $849,365. For this case, the transmission line 14-16 reaches its limit at only one hour (t = 24), and there is no loss-of-load for any time period.
To compare the performance of the proposed formulation with both the classical DC-and PTDF-based formulations, the line flow limits on lines 14-16 and 16-17 are set to several maximum values. The second and third columns of Table 3 reports how the operational cost increases caused by the re-dispatch of online units and the commitment of more units in the TCUC problem. It should be mentioned that the three mathematical formulations obtained the same optimal solution. Therefore, the accuracy and optimality of the GGDF-based formulation is also confirmed. It is worth emphasizing that for all simulations there are not unserved energy and all constraints are verified.
When the transmission limits on lines 14-16 and 16-17 are set to 440 MW, only line 14-16 reaches its limit. However, when the limit is set to 420 MW, line 16-17 also reaches its limit. Line 14-16 operates at its maximum limit for 5 h, and line 16-17 operates at its maximum limit from hour 2 to hour 6. As the transmission limit is reduced, lines 14-16 and 16-17 reach their transmission limits for most of the time. When the limit is set to 360 MW, line 14-16 reaches its limit for the 24 h and line 16-17 from hour 1 to hour 8 and at hour 24. Figure 4 shows that all formulations require more simulation time to determine the optimization problem as the limit of the transmission network is constrained. In other words, the simulation time increases more than five times for the classical DC-based formulation compared with the PTDFand GGDF-based formulations, when, for example, the transmission power flow constraint is set to 360 MW.
Energies 2018, 11, x 15 of 18 Figure 4 shows that all formulations require more simulation time to determine the optimization problem as the limit of the transmission network is constrained. In other words, the simulation time increases more than five times for the classical DC-based formulation compared with the PTDF-and GGDF-based formulations, when, for example, the transmission power flow constraint is set to 360 MW. 
IEEE 118-Bus System
The IEEE 118-bus test system has 91 buses with loads, 186 existing branches, and 54 generators. Bus 69 is selected as the slack bus. The system and production cost data are taken from [31] . Table 4 shows that the number of inequality constraints in the classical DC formulation is 4128, whereas the number of equality constraints is 1320 for the PTDF-and GGDF-based formulations. The number of decision variables for the classical formulation is 19,656, whereas the number of decision variables is 16,848 for both (PTDF and GGDF) formulations. Considering the lower simulation time obtained by the GGDF-based formulation, we will use this methodology to evaluate the transmission-constrained UC problem using different transmission network conditions.
The optimal cost without the transmission network constraints is $2,246,477 for the 24-hour period. Table 5 reports the impact of congestion in the operational costs for different maximum power flow limits assuming that all transmission lines are limited to the set value. As expected, operational costs increase for each reduction in the maximum power flow limit. 
The optimal cost without the transmission network constraints is $2,246,477 for the 24-hour period. Table 5 reports the impact of congestion in the operational costs for different maximum power flow limits assuming that all transmission lines are limited to the set value. As expected, operational costs increase for each reduction in the maximum power flow limit. To investigate the GGDF's computational performance, we increase the time period horizon from one day to one week using the same daily system load for every day. In this case, the optimal cost is $15,725,340, and the CPU execution time for solving the proposed UC formulation is 9.6250 sec.
Conclusions
This paper presented an alternative formulation to take into account the transmission network constraints in the UC problem. The GGDF-based formulation, similar to the PTDF-based formulation, required fewer variables because it excluded the voltage phase angles as decision variables. The accuracy and performance in the transmission-constrained UC problem using the GGDF-based formulation were compared with the classical DC-and PTDF-based formulations using several test electrical power systems (PJM 5-bus system, IEEE 24-bus RTS system, and IEEE 118-bus system). Simulations accomplished in this study using a commercial solver support the accuracy and superior computational performance of the proposed formulation, with results showing that it can lead to a more suitable methodology applied especially to medium and large-scale electrical power systems without sacrificing optimality.
Future work will incorporate uncertainty in the proposed transmission-constrained UC problem described in this paper. Modeling renewable uncertainty and decomposition techniques (Benders) will also be studied soon.
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Substituting Equation (8) 
Rearranging Equation (A4), the following equation is accomplished:
Pd k
where D is the total load of the power system, and I is the identity matrix whose dimension depends on the number of buses. It is very important to highlight that the same GGDF matrix is obtained when any slack bus is selected to compute the PTDF.
